Abstract. We establish sharp lower and upper estimates for the Hausdorff and box dimensions of invariant sets of maps that need not be conformal nor differentiable. The estimates are given in terms of the geometry of the invariant sets. Our approach is based on the thermodynamic formalism, and uses its nonadditive version. As a byproduct of our approach we give a new characterization of the lower and upper box dimensions.
Introduction
In the dimension theory of dynamical systems, and in particular in the study of the Hausdorff dimension of invariant sets of hyperbolic dynamics, the theory is only developed to full satisfaction in the case of conformal dynamical systems (both invertible and noninvertible). Roughly speaking, these are dynamical systems for which at each point the rates of contraction and expansion are the same in every direction. Examples of conformal maps possessing hyperbolic behavior are Markov maps, holomorphic maps with a hyperbolic Julia set, and axiom A surface diffeomorphisms.
For nonconformal dynamical systems there exist only partial results. For example, the Hausdorff dimension of hyperbolic invariant sets was only computed in some special cases. In particular, Falconer [6, 8] computed the Hausdorff dimension of a class of nonconformal repellers. Related ideas were applied by Simon and Solomyak [15] to compute the Hausdorff dimension of a class of nonconformal horseshoes in R 3 .
On the other hand, in some situations, such as in the study of infinitedimensional dynamical systems as those coming from partial differential equations or delay differential equations, it already may be quite interesting (when no further information is available) to obtain lower and upper bounds for the dimension of certain invariant sets. These bounds can be interpreted as giving an estimate from below and from above on the number of variables needed to specify the dynamics on the invariant set, and as such it is of interest to obtain sharp dimension estimates. See [3, 9, 10, 16] for related discussions. It should however be noted that although these invariant sets may have finite Hausdorff dimension or even finite box dimension, they may be inside no finite-dimensional manifold.
In this paper we discuss how to obtain sharp lower and upper estimates for the Hausdorff and box dimensions of a large class of invariant sets in terms of their geometric structure. We are mostly interested in maps that need not be conformal. We also consider the case of geometric constructions, which can be seen as (symbolic and geometric) models for invariant sets of hyperbolic dynamics. For example, any Markov partition associated to a repeller (see Section 3) determines a geometric construction. On the other hand the geometric constructions allow us to consider more general transformations, and in particular transformations that need not be differentiable. Our work is somewhat inspired in the approach of Douady and Oesterlé [5] , and is based on the thermodynamic formalism. In particular we use the nonadditive thermodynamic formalism introduced in [2] .
The structure of the paper is as follows. Section 2 briefly recalls the necessary notions from the thermodynamic formalism. In Section 3 we present our results in the case of repellers. Section 4 recalls some notions from the theory of geometric constructions, which are studied in the later sections.
In Sections 5 and 6 we consider geometric constructions and present respectively upper estimates for the upper box dimension and lower estimates for the Hausdorff dimension. The appendix is of independent interest, and presents a new characterization of the lower and upper box dimensions (this characterization is used in Section 5).
Nonadditive thermodynamic formalism
We briefly recall the nonadditive version of the topological pressure introduced in [2] . Let f : X → X be a continuous map of a compact metric space, and U a finite open cover of X. Given U = (U 1 , . . . , U n ) ∈ U n we define the open set X(U ) = n k=1 f −k+1 U k . Consider a sequence Φ = (ϕ n ) n∈N of functions ϕ n : X → R. For each n ∈ N let γ n (Φ, U) = sup{|ϕ n (x) − ϕ n (y)| : x, y ∈ X(U ) for some U ∈ U n }, and denote by |U| the diameter of the cover U. We assume that lim sup
Given U ∈ U n we set Φ(U ) = sup X(U ) ϕ n if X(U ) = ∅, and Φ(U ) = −∞ otherwise. For each Z ⊂ X and α ∈ R let
where the infimum is taken over all Γ ⊂ k≥n U k such that {X(U ) : U ∈ Γ} is a cover of Z. For each Z ⊂ X we also define
where the infimum is taken over all Γ ⊂ U n such that {X(U ) : U ∈ Γ} is a cover of Z. When α runs from −∞ to +∞, each of the quantities in (2)- (4) jumps from +∞ to 0 at a unique critical value. We can thus define
It is shown in [2] that there exist the limits
The numbers P Z (Φ), CP Z (Φ), and CP Z (Φ) are called, respectively, nonadditive topological pressure, and nonadditive lower and upper capacity topological pressures of Φ on the set Z (with respect to f ). We emphasize that the set Z need not be compact nor f -invariant. One can easily show that
When Φ is the sequence of functions (ϕ • f n ) n∈N for some fixed continuous function ϕ : X → R we have P X (Φ) = CP X (Φ) = CP X (Φ), and the common value coincides with the classical topological pressure of the function ϕ (with respect to f ). Let now Φ t = (ϕ n,t ) n∈N be a sequence of functions ϕ n,t : X → R for each t in some interval I ⊂ R. We assume that:
1. Φ t satisfies (1) for each t ∈ I; 2. there exist c 1 , c 2 < 0, such that if x ∈ X, n ∈ N, and s, t ∈ I with
Under these assumptions we can establish the following statement with a slight modification of the proof of Theorem 1.9 in [2] . Proposition 1. The following properties hold:
, and t → CP Z (Φ t ) are strictly decreasing and Lipschitz; 2. there exist unique numbers t P ≤ t CP ≤ t CP such that
All the dimension estimates established in this paper are obtained as roots of the equations in (6), for some family of sequences Φ t and some set Z. These equations are nonadditive versions of the equation introduced by Bowen in [4] , which has a rather universal character: virtually all known equations used to compute or estimate the dimension of invariant sets are particular cases of it or of appropriate generalizations. However, the classical topological pressure is not well adapted to nonconformal maps and more generally to the geometric constructions studied in this paper. Instead we need to consider the nonadditive thermodynamic formalism.
Repellers
In this section we consider (nonconformal) repellers in smooth manifolds and obtain sharp upper estimates for the upper box dimension. We denote respectively by dim H J, dim B J, and dim B J the Hausdorff dimension, and the lower and upper box dimensions of the set J (see for example [12] for the definitions; see also the appendix).
Let f : M → M be a differentiable map of a smooth manifold, and J an f -invariant compact subset of M . We say that f is expanding on J and that J is a repeller of f if there are constants c > 0 and β > 1 such that d x f n v ≥ cβ n v for all x ∈ J, v ∈ T x M , and n ≥ 1. Note that this implies that d x f is invertible at each x ∈ J, and thus f is a local homeomorphism. We assume in this section that c = 1. Since we are interested in the dimensional properties of J this can always be obtained by considering a power of f (notice that J is f n -invariant for each n).
Given a linear map A : R m → R m , let α 1 ≥ · · · ≥ α m ≥ 0 be the eigenvalues of (A * A) 1/2 , counted with their multiplicities. Following [5] we introduce the function
, where t denotes the integer part of t. Consider now δ > 0 such that f is invertible on each ball B(x, δ) with
where
Since each function ϕ n,t is constant on B n (x, δ) for each x, it is simple to verify that Φ t satisfies property (1) for each t. When J is a repeller, it follows from Proposition 1 that there exists a unique number t P such that P J (Φ t P ) = 0.
Theorem 2 follows from Theorem 3 below, expressed in terms of Markov partitions. We recall that a finite cover of J by closed sets R 1 , . . ., R p is called a Markov partition of J if:
It is well known that repellers admit Markov partitions of arbitrarily small diameter. Each Markov partition has associated a one-sided topological Markov chain σ|Q, and a coding map χ : Q → J for the repeller, which is Hölder continuous, onto, and satisfies
We now consider the set
Similarly, since each function ϕ n,t (x) is constant on R x,n for each x, one can verify that Φ t satisfies property (1) for each t. It follows from Proposition 1 that there exists a unique number t P such that P J ( Φ e t P ) = 0.
The proof of Theorem 3 will be given in Section 5.2, as an application of more general results. Choosing a Markov partition with diameter at most δ/2 it is straightforward to verify that R x,n ⊂ B n (x, δ) for each x ∈ J and n ∈ N. Hence, Φ t ≤ Φ t and t P ≤ t P . Therefore, Theorem 2 is an immediate consequence of Theorem 3.
We note that the upper estimate in Theorem 3 gives the exact value for the upper box dimension in many cases in which it has been computed in the literature, and namely in the following two representative situations considered by Falconer respectively in [6] and [8] :
1. In the first case J is a self-affine Cantor set, i.e., the limit set obtained from an iterated function system of affine contractions. More precisely, there exist a compact set K ⊂ R m and maps
where A i is a linear map with norm A i < 1/3 and b i ∈ R m is in some set of full Lebesgue measure for i = 1, . . ., p. The set J is given by
where the union is taken over all i 1 , . . ., i n ∈ {1, . . . , p} N . 2. In the second case J is a repeller of a C 2 map f with the property that
We emphasize that although Theorem 3 presents an estimate rather than an exact value for the box dimension, it does not require any of the assumptions on the norms in each of these examples. We now discuss whether the suprema in (7) and (8) can be discarded. For each t ∈ [0, m], consider the sequence Φ * t of functions ϕ * n,t : J → R defined by
We note that the sequence Φ * t does not require any information about Markov partitions, and as such it would convenient if it could replace the sequence Φ t in Theorem 3. Let now t * P be any number such that
Since ϕ * n,t ≤ ϕ n,t ≤ ϕ n,t for every n and t, we have t * P ≤ t P ≤ t P . Let α > 0. Following [2] , we say that f is α-bunched on J if for every
Theorem 4. If J is a repeller of a C 1+α map, for some α > 0, such that f is α-bunched on J, then dim B J ≤ t * P = t P = t P , where t * P is the unique number satisfying (9).
Proof. The statement will be obtained applying Theorem 3 (related arguments appeared in [2] ). Note that it is sufficient to verify that any root t * P of the equation (9) satisfies t * P = t P (in which case t * P is of course uniquely defined). Let δ > 0 and denote by J δ the δ-neighborhood of J. We assume that δ is sufficiently small so that d x f v ≥ β v for every x ∈ J δ and v ∈ T x M . In particular, this implies that d x f is invertible for each x ∈ J δ .
Given n ∈ N, x ∈ J, and y ∈ B n (x, δ), we have
where C 1 = max{ (d w f ) −1 : w ∈ J δ }, and C 2 is some positive constant.
(10) Let h be the local inverse of f n−1 |B n (x, δ). Then
for some point z in the segment between f n−1 x and f n−1 y.
is continuous, given ε > 0, we can always choose δ (independently of x and n) such that
If ε is sufficiently small, we have µ := e αε λ < 1. By (10)- (12), we obtain
for some constant C > 0. By induction we conclude that
In
For the remaining numbers α i we use a simple argument given in [8] . Since
it follows from (13) that
Since the numbers α i (d x f n ) coincide with the semiaxes of d x f n (B) we conclude that for each j,
This implies that
for every y ∈ B n (x, δ), and hence P J (Φ * t ) = P J (Φ t ) for every t. The desired statement follows now immediately from Theorem 3.
The case when α = 1 was considered by Falconer in [8] . In the case of conformal repellers the theory is well established. We recall that a differentiable map f : M → M is said to be conformal on a set J if d x f is a multiple of an isometry for each x ∈ J. Let now J be a repeller of a C 1+α map f which is conformal on J. We define a continuous function ϕ : M → R by ϕ(x) = − log d x f . If s is the unique number such that P J (sϕ) = 0, where P J denotes the classical topological pressure on J (with respect to f ), then dim H J = dim B J = dim B J = s. Ruelle [14] showed that dim H J = s. Falconer [7] showed that the Hausdorff and box dimensions coincide. There exists yet no nonconformal theory that can be formulated in so simple terms. In fact in general one encounters further problems, such as those related to number-theoretical properties.
Geometric constructions and Moran covers
4.1. Generalized Moran constructions. Let σ be the shift map on Σ = {1, . . . , p} N . Consider the discrete topology on {1, . . . , p} and the product topology on Σ. A geometric construction in R m modelled by a set Q ⊂ Σ is specified by a decreasing sequence of compact sets ∆ ωn ⊂ R m for each ω ∈ Q, with diameter diam ∆ ωn → 0 as n → ∞, where ω n = (i 1 · · · i n ) if ω = (i 1 i 2 · · · ). The limit set of the construction is defined by
where Q n = {ω n : ω ∈ Q}. It is straightforward to verify that the formula χ(ω) = ∞ n=1 ∆ ωn defines a Hölder continuous onto function χ : Q → F . We note that χ is a homeomorphism if
A geometric construction such that each set ∆ ωn is a ball is called a generalized Moran construction. Consider the sequence Φ of functions ϕ n : Q → R defined by ϕ n (ω) = log diam ∆ ωn . We have γ n (Φ, U) = 0 for every n ∈ N and every finite open cover U, and thus property (1) holds. Let s P ≤ s CP ≤ s CP be the unique numbers such that
We say that Φ is sub-additive if ϕ n+m ≤ ϕ n + ϕ m • σ n for each n, m ∈ N. Theorem 5. For the limit set F of a generalized Moran construction modelled by a compact σ-invariant set Q and satisfying (14) , if Φ is sub-additive and sup{ϕ n (ω) − ϕ n+1 (ω) : ω ∈ Q and n ∈ N} < ∞,
Theorem 5 is a particular case of [2, Theorem 2.1]. It is also a consequence of the more general statements in Theorems 6 and 8 below. Note that the dimension of the limit set F does not depend on the location of the sets ∆ ωn but only on their diameters. When Φ is not sub-additive, the three numbers dim H F , dim B F , and dim B F may not coincide; see [2] for an example.
The assumptions in Theorem 5 are satisfied, for example, in the case of geometric constructions associated to a repeller J of a conformal map f . Namely, if R 1 , . . ., R p is a Markov partition of J then the sets ∆ τ = n k=1 f −k+1 R i k for τ ∈ Q n specify a geometric construction. It is straightforward to verify that the sequence Φ defined by ϕ n (ω) = log diam ∆ ωn is sub-additive and satisfies (15) . Although this construction is not necessarily a generalized Moran construction, there exist constants c 1 , c 2 > 0 such that for each n ∈ N and τ ∈ Q n the set ∆ τ contains a ball of diameter c 1 diam ∆ τ (in the topology of J) and is contained in a ball of diameter c 2 diam ∆ τ .
Moran covers.
Let Γ = {γ ωn } ω∈Q,n∈N be a family of positive numbers. We assume that there exist constants α ≥ β > 0 such that for each ω ∈ Q the sequence γ ωn is strictly decreasing and satisfies
Let F be the limit set of a geometric construction. We want to construct a special cover of F . Fix r > 0. Given x = χ(ω) ∈ F , let n(x, r) be the unique positive integer such that γ ω n(x,r)−1 > r ≥ γ ω n(x,r) and write ∆(x, r) = ∆ ω n(x,r) . For each x ∈ F , let ∆(x) ∈ {∆ τ : τ ∈ Q n for some n ∈ N} be the largest set containing x such that ∆(y, r) ⊂ ∆(x) for every y ∈ ∆(x) ∩ F , and ∆(x) = ∆(z, r) for some z ∈ ∆(x) ∩ F . The sets ∆(x) form a cover of F that we call the (Γ, r)-Moran cover of F . We note that under the assumption (14) the sets ∆(x) are pairwise disjoint.
Related covers were introduced by Pesin and Weiss in [13] (see [12] for details). Moran covers are used in the remaining sections of the paper. The name is due to the seminal work of Moran in [11] , where he considered geometric constructions modelled by Q = Σ, such that each set ∆ ωn is a ball of radius n k=1 λ i k for some fixed numbers λ 1 , . . ., λ p ∈ (0, 1).
Upper estimates for the upper box dimension
5.1. Conformal case. Let F be the limit set of a geometric construction modelled by Q. In this section we discuss how to obtain upper dimension estimates for F . Let Φ be the sequence of functions ϕ n : Q → R defined by
This sequence satisfies property (1). We assume that there exist α ≥ β > 0 such that e −αn ≤ diam(F ∩ ∆ ωn ) ≤ e −βn for every ω ∈ Q and all sufficiently large n. Let s CP be the unique number such that CP Q (s CP Φ) = 0. Theorem 6. If F is the limit set of a geometric construction modelled by Q, then dim B F ≤ s CP ≤ CP Q (0)/b, where
Proof. Write γ ωn = diam(F ∩ ∆ ωn ) and set Γ = {γ ωn } ω∈Q,n∈N . Given r > 0, we consider the (Γ, r)-Moran cover of F by sets ∆ τ with τ ∈ Q n j (r) for j = 1, . . ., N r and some N r ∈ N. Observe that n j (r) < − log r/β + 1 for each j = 1, . . ., N r . Let N r (F ) be the least number of balls of radius r needed to cover F . Since
there exists m(r) ∈ N such that card{j : n j (r) = m(r)} ≥ N r (F ) − log r/β + 1 .
Take s < dim B F and δ > 0. Note that N r (F ) > r −s for all sufficiently small r > 0. By (17) we obtain
where τ m(r)−1 is composed of the first m(r) − 1 symbols of τ . Observe that r −δ / − log r ≥ 1 for all sufficiently small r > 0. Since m(r) → ∞ as r → 0 (and using Proposition 1.10 in [2] , that establishes a formula for the upper capacity topological pressure for special classes of sequences), we obtain
Hence, s − δ ≤ s CP . Since δ is arbitrary, letting s → dim B F we obtain that dim B F ≤ s CP . Whenever s ≥ 0 and ε > 0 we have
Since ε is arbitrary we conclude that s CP ≤ CP Q (0)/b. This completes the proof of the theorem.
By Theorem 6, if CP Q (0) = 0 then dim H F = dim B F = dim B F = 0. We emphasize that the set Q modelling the construction in Theorem 6 need not be compact nor σ-invariant. We note that the dimension estimate in Theorem 6 is solely based on the knowledge of the diameters of the sets F ∩ ∆ ωn . In particular, it does not depend on the location of the sets ∆ ωn .
One can also consider the sequence Ψ of functions ψ n (ω) = log diam ∆ ωn . Clearly ϕ n ≥ ψ n for each n, and hence dim B F ≤ s CP ≤ s where s is the unique number such that CP Q (sΨ) = 0. For generalized Moran constructions, it follows from Theorem 5 and (5) that s CP = s. We note that in general the inequality s CP ≤ s may be strict. For example, let ∆ ωn ⊂ R 2 be a rectangle with sides of length 2 −n and 3 −n for each ω ∈ Q = {1, 2} N and n ∈ N, such that ∆ ωn ∩ ([0, 1] × {0}) is an interval of length 3 −n . One can easily verify that s CP = log 2/ log 3 < 1 = s. Even though this example can be considered degenerated it illustrates why we did not consider the somewhat simpler sequence Ψ in Theorem 6.
Nonconformal case.
When one possesses more geometric information about the sets ∆ ωn (other than only their diameters as in Section 5.1), one can establish an upper dimension estimate for the upper box dimension that is often sharper than that in Theorem 6.
Assume that there exist constants α ≥ β > 0 and numbers
for each ω ∈ Q and n ∈ N, such that ∆ ωn ⊂ E ωn , where E ωn is an ellipsoid of semiaxes λ ωn,1 , . . ., λ ωn,m . For each t ∈ [0, m], we define a sequence Ψ t of functions ψ n,t : Q → R by ψ n,t (ω) = log ζ t (E ωn ) = log(λ ωn,1 λ ωn,2 · · · λ ωn, t −1 λ ωn, t t− t ) (see the appendix for more details on the function ζ t ). The sequence Ψ t satisfies property (1), and Proposition 1 shows that there exists a unique number t CP such that CP Q (Ψ t CP ) = 0. The following is our main theorem.
Theorem 7. If F is the limit set of a geometric construction modelled by Q,
Proof. Set Γ t = {ψ n,t (ω)} ω∈Q,n∈N . Consider the (Γ t , r)-Moran cover of F by sets ∆ τ with τ ∈ Q n j (r) for j = 1, . . ., N r,t and some N r,t ∈ N. We now proceed in a similar way to that in the proof of Theorem 6. Observe that n j (r) < − log r/β + 1 for each j = 1, . . ., N r,t . We denote by N r,t (F ) the least number of ellipsoids E with ζ t (E) 1/t = r needed to cover F . Since
there exists m(r) ∈ N such that card{j : n j (r) = m(r)} ≥ N r,t (F ) − log r/β + 1 .
By Theorem 11 in the appendix, we obtain card{j :
where N r (F ) is the least number of balls of radius r needed to cover F . Note that ψ n,t (ω) = ψ n,t (ω ) for every ω, ω ∈ Q and n ∈ N such that ω n = ω n . Take t < dim B F and δ > 0. By (18) we obtain
for all sufficiently small r > 0. We conclude that
This implies that t − δ ≤ t CP , and hence, dim B F ≤ t CP .
As in the case of Theorem 6, it is remarkable that the dimension estimate in Theorem 7 does not depend on the location of the sets ∆ ωn .
We can now establish Theorem 3.
Proof of Theorem 3. We have
The first identity follows from the compactness and f -invariance of J, while the second identity is a consequence of sup{card χ −1 x : x ∈ J} < ∞. The desired statement is thus an immediate consequence of Theorem 7.
Example 1. Let F be the limit set of a geometric construction in R 2 by rectangles ∆ ωn ⊂ R 2 with sides of length e −αn and e −βn for each ω ∈ Q and n ∈ N, where α ≥ β > 0. Set λ ωn,1 = ce −βn and λ ωn,2 = ce −αn for each ω n , for some sufficiently large constant c > 0. We obtain
Therefore,
6. Lower estimates for the Hausdorff dimension 6.1. Weakly regular geometric constructions. We now consider a class of geometric constructions for which we can obtain lower dimension estimates of the limit set. Let F be the limit set of a geometric construction modelled by Q. Consider a family of positive numbers Γ = {γ ωn } ω∈Q,n∈N as in Section 4.2 and constants α ≥ β > 0 satisfying (16) for every ω ∈ Q and n ∈ N. A geometric construction is called Γ-weakly regular if
where N (x, r) is the number of elements of the (Γ, r)-Moran cover that have nonempty intersection with the ball B(x, r).
One can easily show that generalized Moran constructions satisfying (14) and (15) are Γ-weakly regular, where γ ωn = diam ∆ ωn for each ω ∈ Q and n ∈ N. In order to verify this, notice that by (15) there exists δ > 0 such that γ ω n+1 ≥ δγ ωn for every ω ∈ Q and n ∈ N. We can then obtain (20) using (14) and elementary geometry.
We note that for arbitrary geometric constructions the weak regularity property depends, in general, not only on the numbers γ ωn but also on the location of the sets ∆ ωn . This is in strong contrast to what happens for generalized Moran constructions. See [1] for other examples of weakly regular constructions and for criteria of weak regularity. We note that the class of weakly regular contains the class of regular constructions introduced by Pesin and Weiss in [13] .
6.2. Lower dimension estimates. We now obtain a lower dimension estimate for the limit set of a weakly regular geometric construction. Consider a sequence of positive number Γ = {γ ωn } ω∈Q,n∈N as in Section 6.1. Define a sequence Φ of functions ϕ n : Q → R by ϕ n (ω) = log γ ωn . Let s P be the unique number such that P Q (s P Φ) = 0. It follows easily from (16) that s P ≥ 0.
Theorem 8. If F is the limit set of a Γ-weakly regular construction, then dim H F ≥ s P . Proof. Fix s > dim H F . For each δ > 0, there exists a cover U of F by balls of diameter at most δ such that U ∈U (diam U ) s < 1. Let V l be the open cover of Σ composed by the cylinders of length l ∈ N. Take D ∈ Q m for some m ∈ N and select the unique vector
for some U ∈ U} is a cover of Σ. The Γ-weak regularity implies that card U U ≤ κ(Γ) < ∞ for every U ∈ U. We obtain
and hence, M (Q, 0, sΦ, U l ) < κ(Γ) and P Q (sΦ, U l ) ≤ 0. Since |U l | → 0 as l → ∞, we conclude that P Q (sΦ) ≤ 0 and s ≥ s P . Letting s → dim H F we obtain dim H F ≥ s P .
We note that the set Q modelling the construction need not be compact nor σ-invariant. Theorem 8 will be obtained as a consequence of a more general statement formulated below (see Section 6.3).
We now describe some consequences of Theorem 8. Set
The invariant hull of a set Z ⊂ Q is defined by I(Z) = Q ∩ n∈N σ n Z. Let h(σ|Q) = P Q (0) be the topological entropy of σ|Q.
Proposition 9. If F is the limit set of a Γ-weakly regular geometric construction modelled by Q, then
Proof. Given ε > 0, we have − log γ ωn ≤ n(a + ε) for all ω ∈ Q and all sufficiently large n. If δ ≥ 0, then
where the infimum is taken over all covers Γ of Q by cylinders of length at least n. Hence,
Letting |U| → 0 and using the arbitrariness of ε we conclude that
Note that s = h(σ|Q)/a is the unique number such that P Q (sΨ) = 0, where Ψ is the sequence of functions ψ n = −na. The desired statement follows now from the identity P Z (sΨ) = P I(Z) (sΨ) (see [12] ).
Let F be the limit set of a Γ-weakly regular geometric construction modelled by Q. By Proposition 9, if σ|Q has the specification property, then
6.3. Nonconformal case. The lower estimate for the Hausdorff dimension obtained in Theorem 8 is in general a strict inequality. In this section we discuss how to obtain sharper lower estimates for the Hausdorff dimension for a class of geometric constructions.
Let F be the limit set of a geometric construction modelled by Q. Assume that there exists constants α ≥ β > 0 and numbers
for each ω ∈ Q and n ∈ N. For each t ∈ [0, m], we define a sequence Ψ t of functions ψ n,t : Q → R by ψ n,t (ω) = log(γ ωn,1 γ ωn,2 · · · γ ωn, t −1 γ ωn, t t− t ).
By (21) and Proposition 1, there exists a unique number t P such that P Q (Ψ t P ) = 0. Under an additional assumption we will show that t P is a lower bound for the Hausdorff dimension of F . Consider the family of numbers Γ t = {exp(ψ n,t /t)} ω∈Q,n∈N for each t.
Theorem 10. If F is the limit set of a geometric construction which is Γ t P -weakly regular, then dim H F ≥ t P .
Proof. We use the same notation as in the proof of Theorem 8. Let m H (Z, s) be the s-Hausdorff measure of Z, and let
where the infimum is taken over all covers U of Z by ellipsoids U with ζ t (U ) 1/t ≤ δ. It was established by Douady and Oesterlé in [5] that if
Assume that dim H F < t P and take t ∈ (dim H F, t P ). Then the geometric construction is Γ t -weakly regular (since t < t P ). By (22), for each δ > 0 there exists a cover U of F by ellipsoids U with ζ t (U ) 1/t ≤ δ such that
is a cover of Σ. The Γ t -weak regularity implies that card U U ≤ κ(Γ t ) < ∞ for every U ∈ U. We obtain
and hence, M (Q, 0, Ψ t , U l ) < κ(Γ t ) and P Q (Ψ t , U l ) ≤ 0. Since |U l | → 0 as l → ∞, we conclude that P Q (Ψ t ) ≤ 0 and t ≥ t P . This contradiction implies that dim H F ≥ t P .
Let Γ = {γ ωn } ω∈Q,n∈N be the family of numbers γ ωn = γ ωn,1 , and Φ the associated sequence of functions ϕ n (ω) = log γ ωn . Since tΦ ≤ Ψ t for each t, we have s P ≤ t P and this inequality may be strict. Thus, Theorem 10 may in general provide a sharper lower estimate than that in Theorem 8.
Example 2. Let F be as in Example 1. We assume that Q is compact and σ-invariant. Set γ ωn,1 = e −βn and γ ωn,2 = e −αn for each ω n . In a similar way to that in Example 1 we obtain P Q (Ψ t ) = CP Q (Ψ t ) for each t, and hence, by (19),
.
In particular, s P < t P if β < h(σ|Q) and α < β(h(σ|Q) − β + 1)/h(σ|Q).
Appendix A. A new characterization of the box dimension
The appendix is independent of the rest of the paper. We present a new characterization of the lower and upper box dimensions, which is of interest in its own right. It is also used in Section 5. Denoting by N r (Z) the least number of balls of radius r needed to cover Z, the lower and upper box dimensions of Z are given by dim B Z = lim inf r→0 log N r (Z) − log r and dim B Z = lim sup r→0 log N r (Z) − log r .
Following [5] , if E ⊂ R m is an ellipsoid with semiaxes a 1 ≥ · · · ≥ a m , we set ζ t (E) = a 1 a 2 · · · a t −1 a t t− t for each t ∈ [0, m], where t is the largest integer less or equal to t. Let N r,t (Z) = least number of ellipsoids E with ζ t (E) 1/t = r needed to cover Z (when t = 0 we make the convention that ζ t (E) 1/t = diam E). In particular, if E is a ball of radius r then ζ t (E) 1/t = r for each t.
The following is a characterization of the lower and upper box dimensions of subsets of R m in terms of the quantity N r,t (Z). Proof. Since all balls are ellipsoids and ζ t (E) 1/t ≤ diam E for every ellipsoid E, it is immediate that N r,t (Z) ≤ N r (Z). Let now E be an ellipsoid with semiaxes a 1 ≥ · · · ≥ a m . Given 1 ≤ k ≤ m we look at R k as {(x 1 , . . . , x m ) ∈ R m : x k+1 = · · · = x m = 0}.
As observed in the proof of Lemma 1 in [5] , for each k the set E ∩ R k can be covered by 2 k k i=1 (a i /a k+1 ) cubes of side 2a k+1 . Clearly, E ⊂ (E ∩ R k ) × B m−k (a k+1 ), where B m−k (a) ⊂ R m−k denotes the ball of radius a centered at 0. Put k = t and fix δ > 0. We can cover E with a number
of balls of radius √ k + 1a k+1 δ. Therefore,
For every ellipsoid E such that ζ t (E) = r t , setting δ = r/( √ k + 1a k+1 ) in (25) we conclude that N r (E) ≤ 2 k ( √ k + 1) t . Summing over a cover U of Z by N r,t (Z) ellipsoids E with ζ t (E) 1/t = r, we obtain
This establishes (23). The identities in (24) follow readily from (23).
